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Abstract
We construct a family (k)k¿1 of ‘eigensequences’ of a certain operator studied previously by Cameron (Discrete Math.
75 (1989) 89) and Bernstein and Sloane (Linear Algebra Appl. 228 (1–3) (1995) 57). Here 1 is the sequence of Catalan
numbers and 2 is the sequence of little Schr4oder numbers.
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For positive integers k and n with k6 n we de8ne the Narayana number N (n; k) by N (n; k) = (1=n)
( n
k
) ( n
k−1
)
. Let
F(x; t)=
∑
n¿1
∑n
k=1 N (n; k)t
kxn be the generating function of the Narayana numbers. It is well-known [4, Exercise 6.36]
that F satis8es the functional equation
xF2 + (xt + x − 1)F + xt = 0: (1.1)
The purpose of this note is to show that by appropriately specializing the variables in F(x; t) we obtain a family of
‘eigensequences’ of an operator studies by Cameron [2] and later by Bernstein and Sloane [1].
If we solve for F in (1.1) we 8nd
F(x; t) =
1
2x
(1− x − xt − [(1− x − xt)2 − 4x2t]1=2): (1.2)
Replacing x by xt and t by t−1 in (1.2) gives F(xt; t−1)=(1=2xt)(1−x−xt−[(1−x−xt)2−4x2t]1=2)= t−1F(x; t). De8ning
Nn(t)=
∑n
k=1 (1=n)
( n
k
) ( n
k−1
)
tn−k we obtain F(xt; t−1)=
∑
n¿1 Nn(t)x
n. For convenience we set G(x; t)=F(xt; t−1), so
that G(x; t) =
∑
n¿1 Nn(t)x
n = t−1F(x; t). For any positive integer k the latter equation in conjunction with (1.1) implies
kxG2 + (x + kx − 1)G + x = 0: (1.3)
Bernstein and Sloane [1] de8ne transformations R and I on sequences (a1; a2; a3; : : :) of real numbers as follows:
R(a1; a2; a3; : : :) = (1; a1; a2; a3; : : :) and I(a1; a2; a3; : : :) = (b1; b2; b3; : : :), where 1 +
∑
n¿1 bnx
n = (1 − ∑n¿1 anxn)−1.
Informally R shifts a sequence  one place to the right by pre8xing a 1 whereas I inverts . One can interpret
combinatorially the eGect of the operator I: if a sequence  of nonnegative integers enumerates a class C of combinatorial
objects then, as noted by Cameron [2], I enumerates the class of ordered disjoint unions of elements of C.
Bernstein and Sloane [1] point out that
(i) the sequence of Catalan numbers is the unique sequence 8xed by the operator RI,
(ii) the sequence of little Schr4oder numbers is the unique sequence 8xed by the operator RI2,
(iii) the sequence  = (1; 1; 4; 19; 100; 562; 3304; 20071; : : :) is the unique sequence 8xed by the operator RI3. ( is
sequence S40 in [1].)
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For any positive integer k let k = (1;N1(k);N2(k);N3(k); : : :) be the sequence generated by 1 + G(x; k)
= (1=2xk)(1− x+ xk − [(1− x− xk)2− 4x2k]1=2). Then 1 is the sequence of Catalan numbers, 2 is the sequence of little
Schr4oder numbers and 3 is the sequence S40 mentioned above. It is known [3,5,6] that 4=(1; 1; 5; 29; 185; 1257; 8925; : : :)
enumerates the class C of lattice paths in the xy-plane that begin at (0,0) and terminate at (n; n), have step set S={(k; 0) :
k ∈N+} ∪ {(0; k) : k ∈N+} and never rise above the line y = x.
We claim that k is the unique sequence 8xed by RIk . To verify this let us 8rst suppose that  = (1; 1; 2; 3; : : :)
satis8es RIk=. Put A0=
∑
n¿1 nx
n and de8ne generating functions A1; A2; : : : ; Ak recursively by the equations 1+A1=
[1−x(1+A0)]−1 and 1+Aj=(1−Aj−1)−1 for each j=2; 3; : : : ; k. Then Aj=Ijx(1+A0) and Aj=[x(1+A0)]=[1−jx(1+A0)]
for each j = 1; 2; : : : ; k. In particular, Ak =Ik(x)(1 + A0) and Ak = [x(1 + A0)]=[1 − kx(1 + A0)]. Since RIk = 1 + Ak
the equation RIk =  is equivalent to the assertion that 1 + [x(1 + A0)]=[1− kx(1 + A0)] = 1 + A0, or
kxA20 + (x + kx − 1)A0 + x = 0: (1.4)
It follows that if RIk= for some sequence =(1; 1; 2; 3; : : :) then  is unique. Moreover, if we let 1+A0=1+G(x; k)
be the generating function of k , then A0 necessarily satis8es (1.4) because G satis8es (1.3). Therefore RIkk =k , which
proves:
Theorem 1. For any positive integers n and k de2ne Nn(k)=
∑n
r=1 (1=n)
( n
r
) ( n
r−1
)
kn−r , and let k =(1;N1(k);N2(k);
N3(k); : : :) be the sequence with generating function 1 +G(x; k) = (1=2xk)(1− x+ xk − [(1− x− xk)2 − 4x2k]1=2). Then
k is the unique sequence 2xed by the operator RIk .
Cameron [2] notes that the sequence 2 = (1; 1; 3; 11; 45; 197; : : :) of little Schr4oder numbers satis8es I2 =M22, where
M2 is the operator de8ned by M2(b0; b1; b2; b3; : : :) = (b1; 2b2; 2b3; 2b4; : : :). An analogous result holds for each of the
sequences k .
Theorem 2. For any positive integer k let k = (1;N1(k);N2(k);N3(k); : : :), and de2ne the operator Mk by
Mk(b0; b1; b2; b3; : : :) = (b1; kb2; kb3; kb4; : : :). Then Ik−1k =Mkk .
Proof. Let 1+A0=1+G(x; k) be the generating function of k and recursively de8ne generating functions A1; A2; : : : ; Ak−1
as above. Then RIkk = k by Theorem 1 and thus A0 satis8es (1.4). Moreover Ak−1 = [x(1+A0)]=[1− (k−1)x(1+A0)].
A simple calculation shows that (1.4) is equivalent to the equation Ak−1 = x + kxA0. It follows that Ik−1k = Ak−1 =
x + kxA0 =Mkk .
Corollary 3. For any positive integer k we 2nd RIMkk = k .
Proof. This is an immediate consequence of Theorems 1 and 2.
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